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A self-stabilizing algorithm, regardless of the initial system state, converges in finite time to a
set of states that satisfy a legitimacy predicate. The mutual exclusion problem is fundamental
in distributed computing, since it allows processors competing to access a shared resource to be
able to synchronize and get exclusive accessto the resource (i.e. executetheir critical section). It is
well known that providing self-stabilization in general uniform networks (e.g. anonymous rings of
arbitrary size) can only be probabilistic. However, all existing uniform probabilistic self-stabilizing
mutual exclusion algorithms designed to work under an unfair distributed scheduler (that may
choose processorsto execute their code in an arbitrary manner) suffer from the following common
drawback: once stabilized, there exists no upper bound on time between two successive executions
of thecritical section at agiven processor. I nthispaper, we present thefir st self-stabilizing algorithm
that guarantees such a bound (On3), where n is the network size) while working using an unfair
distributed scheduler. Our algorithm worksin an anonymous unidirectional ring of any size and
has a polynomial expected stabilization time.
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INTRODUCTION

good initial state. While this approach is feasible for small

Mutual exclusion. Mutua exclusion is a fundamental
problem in the area of distributed computing. Consider a
distributed system of n processors. Every processor, from
timeto time, may need to execute a critical section in which
exactly one processor isallowed to use some shared resource.
A distributed system solving the mutual exclusion problem
must guarantee the following two properties:

(i) Mutual exclusion Exactly one processor isallowed to
execute its critical section at any time.

(ii) Fairness Every processor must be able to execute its
critical section infinitely often.

Self-stabilization. The concept of self-stabilization was
first introduced by Edsger W. Dijkstra in 1974 [1]. It is
now considered to be the most general technique to design
a system to tolerate arbitrary transient faults. A self-
stabilizing system guarantees that starting from an arbitrary
state, the system convergesto alegal configurationin afinite
number of steps, and remains in a legal state until another
fault occurs (see also [2]).

In the context of computer networks, resuming correct
behavior after afault occurscan bevery costly [ 3]—thewhole
network may have to be shut down and globally reset in a

*An extended version of the abstract of this paper appeared in the
Proceedings of the 14th International Parallel & Distributed Processing
Symposium, 2000.

networks, itisfar from practical inlarge networks such asthe
Internet. Self-stabilization provides a way to recover from
faults without the cost and inconvenience of a generalized
human intervention: after a fault is diagnosed, one simply
has to remove, repair or reinitialize the faulty components,
and the system, by itself, will return to a good global state
within arelatively short time span.

Scheduler. All components (processors and communica-
tion links) of distributed systems may not share the same
speed assumptions (i.e. one processor may execute its code
speedily, whilemany othersarevery slow). Theschedulerisa
way to model such different behaviors. A scheduler chooses
processorsto execute their code at agiven time. If the sched-
uler is given more freedom (power) to make its selections,
then the task of designing an algorithm to cope with this
scheduler becomes more challenging. In other words, the
scheduler worksasan adversary against thealgorithm ([4, 5]).
The synchronous scheduler is one of the simplest (or weak-
est) schedulers—in every computation step, all processors
are alowed to execute their code in lock-step. This sched-
uler models systems where al processors run (almost) at the
same speed. The k-bounded scheduler may choose enabled
processors in such a way that the ratio of speeds between
any two processors is a most k. This scheduler models a
situation where one processor is at most k times faster than
another. So, the k-bounded scheduler is astronger adversary
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than the synchronousone. Thearbitrary scheduler represents
the strongest possible adversary. It can simply and arbitrarily
choose any enabled processors.

Related work. Dijkstra's [1] three self-stabilizing mutual
exclusion algorithms are deterministic and non-uniform (in
such an algorithm, some processors are distinguished in
the sense that they are alowed to execute a program that
is different from that of the other processors). In [6],
Burns and Pachl presented a deterministic agorithm for
uniform unidirectional rings of prime size and proved that
no deterministic solution exists for rings of composite size.
Several papersinvestigated the mutual exclusion problem
in the probabilistic (or randomized) setting. Randomization
was used to reduce the space in [7, 8], and to deal with
anonymous networks in [9, 10]. However, a common
problem in al these probabilistic algorithms is that once
stabilized, there is no upper bound on the time between two
entries into the critical section at a particular processor. In
other words, although the expected time between two critical
section executions is bounded, there exist computations
in which a particular processor may not get the token
infinitely often. We refer to these kinds of algorithms as
weak probabilistic stabilizing algorithms. Kakugawa and
Yamashita [11] presented a probabilistic uniform self-
stabilizing algorithm on uniform rings that does guarantee
an upper bound between two critical section entries. We
call this class of algorithms strong probabilistic stabilizing
algorithms. However, the a gorithm of [11] worksonly under
the central scheduler(which alows exactly one enabled
processor at any time). All previousy known agorithms
solving the mutual exclusion problem ensure fairness using
one of the two well-known methods: (i) by choosing an
ad hocscheduler (e.g. thefair scheduler in[7] or randomized
central scheduler in [8]) and (ii) by requiring that the
correctness of the system is probabilistic (as in [9] and
[1Q]). The open question in [11] was to design a strong
probabilistic stabilizing algorithm that solves the mutual
exclusion problem under an unfair distributed scheduler.

Our contributions. Weanswer theopen questionof [11] and
provide a strong probabilistic stabilizing algorithm for the
mutual exclusion problem in an anonymous unidirectional
ring of any sizerunning under an unfair distributed scheduler.
(The distributed scheduler selects an arbitrary non-empty
subset of enabled processors in a computation step at any
time.) We describe the probabilistic self-stabilizing systems
in Section 3. We start with a strong probabilistic algorithm
that works under a synchronous scheduler—all processors
are activated simultaneously. Thisfirst algorithm is derived
from the space-optimal weak probabilistic algorithm of
[9]. Then, we transform it to a strong probabilistic
stabilizing algorithm to work under a k-bounded scheduler
(that bounds the ratio of relative speeds of executions of
any two processors to k). Finally, we use the composition
technique described in [4] to stabilize the algorithm under
an unfair distributed scheduler (Section 4). We show
that the maximum expected stabilization time is O(n°3)

under the unfair and k-bounded scheduler, and O(»2) under
the synchronous scheduler. After stabilization, the upper
bound between two occurrences of the privilege at a given
processor is O(n2) under the unfair scheduler, O(kn) under
the k-bounded scheduler and O(n) for the synchronous
scheduler.

Outline. In Section 2, we present the underlying model
for our algorithms. We also define properties related to
self-stabilization in the context of probabilistic systems.
We present three algorithms and their correctness proofs
in Section 4. The complexity results of all algorithms are
provided in Section 5. Concluding remarks are made in
Section 6.

2. MODEL

Distributed systems. We model a distributed system & =
(C,T,I) as a transition system where C is the set of
system configurations, T is a transition function from
C to C and [ is the set of initia configurations. A
probabilistic distributed system isadistributed system where
a probabilistic distribution is defined on the transition
function of the system.

We consider unidirectional ring networks where the pro-
cessors maintain two types of variables: local variables and
field variables. Each processor, P;, has two neighbors de-
noted by left; (the counterclockwise neighbor of P;) and
right; (the clockwise neighbor of P;). The local variables
of P; cannot be accessed by any of its neighbors, whereas
thefield variables of P; are part of the shared register which
is used to communicate with P;’s right neighbor. A proces-
sor can write only into its own shared register and can read
only from the shared registers owned by its left neighbor or
itself. The state of a processor is defined by the values of its
local and field variables. A processor may change its state
by executing itslocal algorithm (defined below). A configu-
ration of a distributed system is an instance of the state of its
Processors.

The agorithm executed by each processor is described
by afinite set of guarded actions of the form (guard) —
(statement). Each guard of processor P; is a Boolean
expressioninvolving P;'svariablesand left;’sfield variables.
A processor P; is enabled in configuration c if at least one
of the guards of the program of P; istruein c. Let ¢ be
a configuration and C H be a subset of enabled processors
inc. Wedenote by {c: C H} the set of configurations that are
reachablefrom ¢ if every processor in C H executesan action
starting from ¢. A computation step is atuple (¢, CH, '),
where ¢’ € {c: CH}. Notethat all configurations € {¢: CH}
are reachable from ¢ by executing exactly one computation
step. Inaprobabilistic distributed system, every computation
step is associated with a probabilistic value (the sum of the
probabilities of the computation stepsdetermined by {c: C H}
is1). A computation of a distributed system is a maximal
sequence of computation steps. A history of a computation
is afinite prefix of the computation. A history of length n
(denoted by h,,) starting with the initial configuration c¢g can
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CHp

FIGURE 1. Cone and subcone in a strategy.

be defined recursively as follows:

ifn=1
otherwise

ho— (co, CHo, c1)
" [hp—1(cn—1, CH,—1, cp)l

The probabilistic value of a history is the product of the
probabilities of all the computation stepsin the history. If 4,
isahistory such that

hp = [(co, CHo, c1) - - - (cp—1, CHp_1, cp)]

then we use the following notations: the length of the history
h,, (equal ton) isdenoted aslength(h,,), thelast configuration
in h, (which is c,) is represented by last(h,) and the first
configuration in h, (which is cp) is referred to as first(h,)
(first can also be used for an infinite computation). A
computation fragment is a finite sequence of computation
steps. Let 4 be ahistory, x be a computation fragment such
that first(x) = last(h) and e be a computation such that
first(e) = last(h). Then[hx] denotesahistory corresponding
to the computation steps in 4 and x, and (he) denotes a
computation containing the stepsin 4 and e.

3. PROBABILISTIC SYSTEMS

In this section, we give an outline of the probabilistic model
used in the rest of the paper. A detailed description of this
model isavailablein [4].

Scheduler. A scheduler is a predicate over the system
computations. Inacomputation, atransition (c;, ¢;+1) 0ccurs
due to the execution of a nonempty subset of the enabled
processors in configuration ¢;. In every computation step,
this subset is chosen by the scheduler. The interaction
between a scheduler and the distributed system generates
some specia structures called strategies. The scheduler
strategy definition is based on the tree of computations
(al the computations having the same initial configuration).

Let ¢ be a system configuration and S a distributed system.
The tree representing all computations in S starting from
the configuration c¢ is the tree rooted at ¢ and is denoted
as Tree(S,c). Let n1 be a configuration in 7ree(S, c).
A branch originating from n1 represents the set of all
Tree(S, ¢) computations starting in n1 with the same first
transition. The degree of ny is the number of branches
rooted innj.

DErFINITION 3.1. (Strategy) Let S be a distributed system,
D be a scheduler and be a configuration inS. We define
a strategy w.r.t.D as the set of computations represented by
the tree obtained by pruningree(s, ¢) such that the degree
of any processor is at mo%tand any execution in the pruned
tree satisfied.

The following definition introduces the notion of cone of
execution which can be seen intuitively as a branch in a
strategy (see Figure 1).

DEFINITION 3.2. (Cone) Lets be a strategy of a scheduler
D. AconeCy(s) corresponding to a history is defined as
the set of all possible computations undewhich create the
same historyh.

For example, Figure 1 presentsacone Cj, (s) whose history
h isequal to [(co, C Ho, c])].

The probabilistic value of acone Cy, (s) isthe probabilistic
value of the history 4 (i.e. the product of the probabilities of
all computation stepsin ).

DEerFINITION 3.3. (Subcone) A coneCy/(s) is called a
subcone of’;(s) if and only if »’ = [hx], wherex is a
computation fragment.

For example, Figure 1 represents a cone C;,(s) whose
history 1’ isequal to

[(co, CHo, ¢1) -+ - (¢} 4, CHu—1, cD)]
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Since /' = [hx] (with x equa to [(ci, CHy, cd)---
(¢t 1, CH,_1,¢H]). C, (s) isasubcone of Cj (s).

Let S be asystem, D a scheduler and s a strategy of D.
The set of computations under D that reach a configuration
¢’ satisfying predicate P (denoted as ¢’ + P) is denoted as
EP;, and its associated probabilistic value is represented by
Pr(éPs). We call a predicate P a closed predicate if the
following istrue: if P holdsin configuration ¢, then P aso

holds in any configuration reachable from c.

Probabilistic self-stabilizing systemsA probabilistic self-
stabilizing system is a probabilistic distributed system
satisfying two important properties. probabilistic conver-
gence (the probability of the system to convergeto aconfigu-
ration satisfying alegitimacy predicate is 1) and correctness
(once the system isin a configuration satisfying alegitimacy
predicate, it satisfies the system specification). In this con-
text, the correctness comesin two variants: weak correctness
(the system correctnessis only probabilistic) and strong cor-
rectness (the system correctness is certain).

DEFINITION 3.4. (Strong probabilistic stabilization) A
systemS is strong self-stabilizing under schedulgr for a

Field variables:

tp € [0, mnd(n) — 1] (the privilege)
Variables:

go_ahead), € {pass, wait}.

rand_bool, holds arandom valuein {1, 0}.

Each value has a probability of 1/2.
Predicate:

Privilege(p) = t, — 11, # 1 mod mnd (n)
Macro:

Pass privilege(p) : t, := (1, + 1) mod mnd(n)
Actions:
Aq:t Privilege(p) A go_ahead |, =wait —>

if (rand_bool), = 1) then go_ahead ,=pass,

else Pass privilege(p);
Ag:: Privilege(p) A go_ahead , = pass—

Pass privilege(p);

if (rand_bool), = 0) then go_ahead , = wait;

ALGORITHM 4.1. Mutua exclusion under a synchronous
scheduler (for p).

Now, if in strategy s, there exists 6, > 0 and Ny, > 1

specification SP if and only if there exists a closed legitimacy gych that any cone C,(s) with last(h) + P; satisfies

predicateL such that in any strategyof S underD, the two
following conditions hold:

(i) The probability of the set of computations under
starting from ¢, reaching a configuratior’, such
that ¢’ satisfiedL is 1 (probabilistic convergenge
(Formally, Vs, Pr(€L;) = 1.)

(i) All computations, starting from a configuratiehsuch
that ¢’ satisfiesL, satisfy SP (strong correctnegs
(Formally, Vs, Ve, e’ € s,e = (he') :: last(h) F
L=¢FSP)

Convergence of probabilistic stabilizing system$Ve
borrow aresult of [4] to prove the probabilistic convergence
of the agorithms presented in this paper. This result is
built upon some previous work on probabilistic automata
[12, 13, 14, 15] and provides a complete framework for
the verification of self-stabilizing probabilistic algorithms.
We need to introduce a few terms before we are ready to
present this result. First, we explain a key property called
local convergence, denoted by LC. Informaly, the LC
property characterizes a probabilistic self-stabilizing system
in the following way: the system reaches a configuration
which satisfies a particular predicate, in a bounded number
of computation steps with a positive probability.

DEeFINITION 3.5. (Loca convergence) Lets be a strategy,
and P; and P, be two predicates on configurations, whé¥e
is a closed predicate. Létbe a positive numbez]0, 1[ and
N a positive integer. Lef,(s) be a cone with lagk) + P
and let M denote the set of subconés (s) of C;,(s) such
that las(#’) + P, andlength(h') — length(h) < N. Then

Ci(s) satisfies the local convergence property denoted as

LC(Py1, P2, 8, N)ifand only ifPr(Uec, , ()epr Cn (5)) = 8.

LC(P1, P2, 85, Ny), then the result of [4] states that the
probability of the set of computations under D reaching
configurations satisfying P1 A P2 is1. Formally:

THEOREM 3.1. ([4]) Let s be a strategy. LetP;
and P, be closed predicates on configurations such that
Pr(&P1) = 1. If 38, > 0and3aN; > 1 such that any cone
Cn(s) with last(h) + Py satisfiesLC(P1, P», 8, Ny), then
Pr(EP12;) = 1, whereP1o» = Py A Po.

4. STRONG PROBABILISTIC STABILIZING
MUTUAL EXCLUSION

In this section, we present three solutions to the
mutual exclusion problem for three different schedulers:
synchronous scheduler (Section 4.1), k-bounded scheduler
(Section 4.2) and unfair scheduler (Section 4.3).

Specification of the mutual exclusion problen¥Ve specify
the mutual exclusion problem (SPwme) as follows: there is
exactly one privilege in the system at any time and every
processor obtains the privilege infinitely often.

4.1. Synchronous scheduler

The algorithm for mutual exclusion under the synchronous
scheduler is presented as Algorithm 4.1.

In Algorithm 4.1, every processor p in the system has a
field variable r,. A processor is privileged if and only if
the difference between ¢, and 7, (the 7, variable of its left
neighbor) isnot 1. Itwasprovenin[9] thatif operationsonz,
variables are made aways modulo mnd(n)?, where n is the

1mnd(n) denotes the minimum non-divisor of n. For example,
mnd(5) = 2.
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number of processorsin the ring, then at least one privilege
isaways present in the ring.

A privileged processor tosses a coin to decide whether it
wants to pass the privilege or not. If it decides to keep the
privilege, it can do so for one more computation step. The
purpose of the go_aheag, variable isto prevent processor p
from keeping thetokentoo long. Thisallowsthealgorithmto
achieve an upper bound on the servicetime (thetime between
two consecutivegrantsgivento processor p toenter itscritical
section).

We define the legitimacy predicate Lye asfollows:

Lwve = There exists exactly one privilege.

Correctness proof. In this subsection, we will show that
every processor enjoys the privilege infinitely often.

LEMMA 4.1. Starting from any legitimate configuration,

each node is privileged once in at most ev&yx n
computation steps, whereis the size of the ring.

Proof. Let ¢ be a legitimate configuration. Let p; be the
processor holding the privilegeinc. If thevalueof p;’sloca
variable go_ahead equalswait, then p; executes Action Aj.
A coin istossed with two possible outcomes:

(i) p1 changes go_ahead to pass and in the next
computation step, Action A» is executed, making p1
pass the privilege to its right neighbor.

(ii) p1 passes the privilege immediately to its right
neighbor.

Therefore, within at most two computation steps, the
privilege is passed from p; to p». Since the size of the ring
isn, p1 gets privileged again within 2 x n computational
steps. U

COROLLARY 4.1. Starting from any legitimate configura-

tion, the privilege circulates infinitely often in the ring.

Proof of convergence.In order to prove the probabilis-
tic convergence of Algorithm 4.1, we first show that for any
strategy s, all cones of s satisfy the local convergence prop-
erty. Then, by Theorem 3.1, the probabilistic convergence of
the system will be established.

NoOTATION 4.1. Let Priv(c) denote the number of
privileged processors in configuration c.

LEMMA 4.2. Lets be a strategy of Algorithm 4.1 under a

synchronous scheduler starting from configurationThere
exist§ > 0andN > 1 such that any cone ofsatisfies

LC(true, Lyg, 8, N)
Proof. The proof is done using the following two steps:

(i) In strategy s, there exists a cone Cp1(s), such that
configuration last(h1) satisfies the property:

Priv(last(h1)) < Priv(c) — 1

(il) Repeat the argument of (1) by considering Cp1(s) as
the current strategy, until the number of privileges
becomes equal to 1. O

PRrROPOSITION 4.1. Lets be a strategy. There exisis > 0,
N1 > 1and acon&j(s) such that

PrCni(s)) = é1

length(h1) < N

and
Priv(last(h1)) < Priv(cg) — 1

Proof. Assumethat Priv(cg) = m. Wenumber the privileges
(t;)i=1.m clockwise such that

dist(ty, t1) = Miny<j <, —1dist(t;, t;41)

where dist(p, ¢) is the distance from p to ¢ measured
following the clockwise direction. Let d; be the distance
in ¢op between #; and r;,11. We want to prove that the
probability that the distance between the privileges 7,, and
t1 decreases, is strictly positive. Intuitively, this means that
there is a positive probability that the ‘speed’ of privilege
tn, increases as it approaches 1. We consider privileges
tm, t1 @nd t, and caculate the probability of 7 leaving
a go_ahead variable equal to wait, and that of 7 leaving
a go_ahead varidble equal to pass The worst initial
configuration for our scenario is when every processor p
between 1, and 11 has go_ahead, = wait, and every
processor p’ between 11 and 7, has go_ahead, = pass
We will show that even then, there is a positive probability
that #,, approaches t1. The proof consists of the following
two steps:

(i) We will calculate the probability §p to obtain a cone
Cro(s) such that in last(h0), the three following
conditions hold: (1) ¢, reached the processor which
held 71 in cq, (2) 71 reached the processor which held
t2 incg and (3) all the processors visited by 71 set their
variable go_ahead to pass and all processors visited
by all other privileges set their variable go_ahead to
wait. With the above three conditions satisfied, we
establish that:

80 =83 x 8% x 83

where

@ 8% is the probability for 1, to reach the processor
which held 71 in cg.

1%
s> (=
°‘(4>

(b) 88 is the probability for 71 to reach the processor
which held 72 in cg while all processors visited by
t1 settheir go_ahead variableto pass.

1\%
82> (=
‘“(4)
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(c) 83 is the probability for all processors visited by
all other privilegesto set their go_ahead variable

to wait.
1 (m—2) max(d1,2d,,)
3= (3)
0=
4
Thus,
l (m=1) max(dlden1)+dm
do>| -
°= (4)
Inlast(h0),
diSt(tm» n) < 2 x dy
and

length(h0) < max(2 x d,, d1)
(if) Wewill calculatethe probability §1 to obtain asubcone
Cn1(s) of cone Cpo(s) such that Priv(last(hl)) <
Priv(co) — 1. This situation is possible because the
probability of #, to have twice the speed of 71 is
positive. We have

12md,,,
61 >0 —
1= 0X<1)

(1) (m—21) max(dy,2dy,)+(2m+21)d,,
>

4

and
length(h1) < 4d,, + length(h0)
< (4dm + max(2 X dmz dl))
Inlast(h1), we have Priv(last(h1)) < m — 1.

Proposition 4.1 still holdsfor coneCp1(s). Thus, the prob-
ability to obtain a subcone Cj,2(s), where Priv(last(h2)) <
m — 2, is strictly positive. By induction, cone Cp,—1(s)
(where Priv(last(hm — 1)) = 1) is obtained with positive

probability
1 2)(}13
=
- (3)

length(hm — 1) < 5 x n?

and

O
From Lemmas 4.1 and 4.2, and Theorem 3.1, we claim:

THEOREM 4.1. Algorithm 4.1 is strong probabilistic
stabilizing forSP ;g under a synchronous scheduler.

4.2. k-Bounded scheduler

In Algorithm 4.2, the variable go_ahead,, is now extended
to include values between 0 and 2k + 1 (where k is a
parameter of the algorithm). When go_ahead, = (2k + 1),
the processor must pass the privilege and randomly change
its value. Otherwise, the processor strictly increases its
go_ahead, value. All the values between 0 and 2k represent
wait states and 2k + 1 represents a passstate.

LemMA 4.3. (Strong correctness) Starting from any
legitimate configuration, each processor is privileged within
(2k+2) x n computation steps, whesds the size of the ring.

Proof. The worst scenario in terms of a privilege being held
at processor p is asfollows. p hasits go_ahead, = 0 and
every time p is chosen, rand_bool, = 0. In the worst case,
the privilegeremainsat p for (2k + 2) steps (for 2k + 1 steps,
go_ahead, isincremented, and finally, in step 2k + 2, the
privilege is passed). O

LEMMA 4.4. (Probabilistic convergence) Let s be a
strategy of Algorithm4.2 under a k-bounded scheduler
starting in configuratiore. There exist$ > OandN > 1
such that every cone ofsatisfies.C (true, Ly g, 8, N).

Proof. In the following, dist(p, ) denotes the distance
between processors p and ¢, which is equa to the number
of processors between p and ¢ in the clockwise direction,
plus 1. Assumethat in c, there are m privileges1, ..
where

* tmv

dist(t,,, 1) = Mini<j<p,—1(dist(t;, 1i41))

Let d; be the distancein ¢ between 7; and ¢;,1. In the worst
case, every processor p between t,, and 1 isin the ‘worst’
wait state (go_ahead = 0), and every processor p’ between
t1 andrz isinthe passstate (go_ahead,y = 2k +1). Wenow
consider the following two cases:

(i) We calculatethe probability 5o to obtain aconeCpo(s),
where last(h0) satisfies the following three properties:
(1) ¢, reached the processor which held 71 in ¢, (2) 11
reached the processor which held #2 in ¢ and (3) all the
processors visited by 71 set their variable go_ahead
to 2k + 1, and the processors visited by all other
privileges set their variable go_ahead to 0. Thenin
last(h0),

length(h0) < max(dy, (2k + 2)d,,)
and
80 = 85 x 85 x &3
where

@ 83 represents the probability for 7, to reach the
processor which had #1 in ¢

(2k+2)d,y,
s> 1
0=\2

(b) 83 represents the probability for 71 to reach the
processor which had 7, in ¢, while al processors
visited by 71 settheir go_ahead variableto 2k + 1

2 (1 1 \%
— X
0=\2" 2% +2
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(i)

Field:
tp € [0, mnd(n) — 1] (the privilegg
Variables:

rand_bool, holds any valuein {0, 1}. Each value has a probability of 1/2.

go_ahead, holds any integer valuein [0..(2k + 1)].

Predicate:

Privilege(p) = t, — 11, # 1 mod mnd (n)
Macro:

Pass privilege(p) : 1, := (t1, + 1) mod mnd(n)
Actions:
Au:t Privilege(p) A go_ahead , # (2k+1) —

if (rand_bool, = 1) then go_ahead , := (2k + 1) else go_ahead), := go_ahead), + 1,

Az:: Privilege(p) A go_ahead , = (2k+1) —>

Pass privilege(p); if (rand_bool, = 0) then go_ahead , := random(0..2k + 1);

ALGORITHM 4.2. Mutua exclusion under a k-bounded scheduler (for p).

(c) 88 represents the probability that all processors
visited by al other privileges set their go_ahead
variableto 0

3

1 1 (m—2) max((2k+2)d,, ,d1)
4 2k+2

Thus,

1 max((2k+2)d,, ,d1)m
80 > (—)
2

1 dy+(m—2) max((2k+2)dy, ,d1)
% <2k n 2)
1 1
> - x ——
—\2 2k+2
We calculate the probability §1 that cone Cj,o(s) has a
subcone Cj1(s) such that

>max((2k+2)dm ,dy)m

Priv(last(h1)) < Priv(c) — 1

In order to keep tokens t,, and 11 as far as possible
from each other, the k-bounded scheduler chooses the
processors holding #1 as often as possible. Notethat in
order to keep the tokens,,, and ¢, apart, the k-bounded
scheduler chooses the processors holding ¢1. By the
scheduler definition, anytime the processor holding ¢1
is chosen k times, every other processor is chosen at
least once. Nevertheless, after 2k + 2 choices of the
processor holding 1, the distance between 7, and 11
is decreased by 1 (i.e. 71 moves one step forward,
while r,, moves two steps forward). Then, after at
most (2k +2)2d,, choicesof 11, tokenst,, and t1 merge.
Hence, the probability that tokens ¢ and #; merge and
conditions (2) and (3) be verified is

1\ 2kdn(2k42) /9 1
81> do >

2 %+2
)(m_z)dm (2k+2)

1 1
X| =X —/—=
4 2k+2

Thelength of the history h1is

length(h1) < length(h0) + d,, x (2k + 2)°
< max(dy, (2k + 2) x d;) + dp,
x (2k + 2)2

and

1 2(2k+2)n(n+2(k+1)) 1
nz(3) (

2(2k+2)n(n+1)
2% + 2)

Reapplying (2) for the cone Cji(s), there is a
positive probability to obtain a subcone Cj2(s) such that
Priv(last(h2)) < m — 2, and then a positive probability § to
obtain a subcone Cp,;;,—1(s), where the number of privileges
is1. We now have

1 2(2k+2)n?(n+2(k+1)) 1
§>| =
2

2(2k+2)n?(n+1)
2k + 2)

and
length(hm — 1) < (2k + 2)% x n®

O

From Lemmas 4.3 and 4.4 and Theorem 3.1, we can claim
the following result.

THEOREM 4.2. Algorithm 4.2 is strong probabilistic
stabilizing forSP y k.

4.3. Unfair scheduler

In this section, we extend Algorithm 4.2 for an unfar
scheduler. The idea of crossover composition (introduced
in [4]) is used to implement this extension. The crossover
composition can be seen as a black box with two agorithms
as input (denoted by A and B) and one agorithm as
output (denoted by O). The composition goal is to improve
Algorithm A with nicepropertiesof Algorithm B. Theoutput
Algorithm O solvesthe same problem as A, but benefitsfrom
the properties of Algorithm B.
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Fields:
tp € [0, mnd(n) — 1] (the privilegg
ftp €10, mnd(n) — 1] (the fair privilegg
Variables:
rand_bool, holds any valuein {0, 1}. Each value has a probability of 1/2.
go_ahead, holds any integer valuein [0..(2k + 1)].
Predicates:
Privilege(p) = t, — 11, # 1 mod mnd (n)
Fair_privilege(p) = ft, — ft1, # 1 mod mnd(n)
Macros:
Pass privilege(p) : t, := (1, + 1) mod mnd (n)
Pass Fair_privilege(p) : ft, := (ft;, + 1) mod mnd(n)
Actions:
Az1::Privilege(p) A
go_ahead , # (2k + 1) A Fair_privilege(p) —
Pass Fair_privilege(p)
if (rand_bool,, = 1) then go_ahead , = (2k + 1) else go_ahead++;
Az::Privilege(p) Ago_ahead , = 2k + 1 A Fair_privilege(p) —
Pass Fair_privilegg(p); Pass privilege(p);
if (rand_bool, = 0) then go_ahead ,, =random(0..2k + 1);
Az::—Privilege(p) A Fair_privilege(p) —
Pass Fair_privilege(p)

ALGORITHM 4.3. Mutual exclusion under an unfair scheduler (for p) withk =n — 1.

DEFINITION 4.1. (Crossover composition) Let A be an
algorithm withn rules as follows:

Vi €{1,...,n}, (guarda;) = (actiona;)
Let B be an algorithm withn rules as follows:
Vje{l,...,m}{guardb;) = (actionb;)

The crossover composition with and B as entries is the
algorithm with the following rules:
Vief{l,....,n},Vje(l, ...,m}

(guarda;) A (guardb;) = (actiona;);
(actionb;)

andvj € {1,...,m}

—(guarda;) A - -- A ={guarday)
A (guardb;) = (actionb;)

Algorithm 4.3 results from crossover composition of
Algorithm 4.2 and the deterministic token passing algorithm
of [4] (the tokens related to this algorithm are referred to as
fair privileges). Algorithm 4.3 combines the best of both
algorithms, retaining the strong probabilistic stabilization of
Algorithm 4.2 and the unfair distributed scheduler support
of the token passing algorithm. Intheworst case, an (n — 1)-
bounded scheduler is guaranteed, which gives an O(n%)
computation step time complexity.

THEOREM 4.3. Algorithm 4.3 is strong probabilistic
stabilizing forSPr under an unfair scheduler.

Proof. The proof directly follows from Theorems 3.1
and 4.2. O

5. COMPLEXITY
5.1. Spacecomplexity

The minimum non-divisor of n isO(log(n)) [16]. Therefore,
Algorithm 4.3 needs O(log(n — 1) 4+ 2 x log(log(n))) bits
per processor. Algorithms 4.1 and 4.2 use O(log(log(n)))
and O(log(k) + log(log(n))) bits per processor respectively.
Moreover, since it has been shown in [17] that mnd(n) is
constant on average (over all values of n), it follows that on
average, the space complexity of Algorithm 4.3islog(n), and
that the space complexity of Algorithms 4.1 and 4.2 is O(1)
and O(log(k)) respectively.

5.2. Timecomplexity

In this section, we first provide the stabilization time for all
three algorithms (i.e. the time to recover from afault), and
then the propagation delay of the token once the system is
stabilized (i.e. the service time needed to grant a processor
to enter its critical section).

5.2.1. Stabilization time
Asthe convergence of our algorithmsis probabilistic, we can
only guarantee maximum expected stabilization time. Inthe
literature (e.g. [5]), the maximum expected stabilization time
is expressed in terms of rounds, where around is a minimal
computation fragment during which every processor executes
one action.

From Lemmas 4.1 and 4.3, around is O(n) computation
steps under the synchronous scheduler, and O(rk) computa-
tion steps using the k-bounded and unfair scheduler.

ALGORITHM 4.1. We consider the behavior of m pairs of
successive tokens during one round. The probability that no
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two consecutive tokens mergein thisround is less than

1 mxXxn
r=(3)

Thus, the probability that at least one pair of two consecutive
tokens mergesis morethan ¢ = 1 — p. Then, the expected
number of rounds before the system reaches a configuration
with m — 1 tokensis E[m, m — 1] < %, ie

M Xn
2m><n — 1

The maximum expected number of rounds (let us denoteit
by 74.1) to converge from an arbitrary configuration (where
the number of privilegesis m) to a legitimate configuration
(where the number of privilegesis 1) isgiven by theformula

Elm,m—1] <

in

m
T4'l = Z 2in _ 1
i=2

If T41 is O(m) rounds and m < n, then Ty1 is O(n?)
computation steps.

<m+2

ALGORITHM 4.2 wherek = n — 1 and Algorithm 4.3 We
now calculate the maximum expected number of rounds for
Algorithm 4.2 (where k = n — 1) to stabilize starting from
the worst possible configuration (with m tokens).

First, we find an upper bound on the expected number of
rounds needed to reach a configuration where the number of
tokensis one less than that in the starting configuration. We
consider the behavior of m pairs of successive tokens during
one round. The probability that no two consecutive tokens
mergeisless than

1 1 mxn
p=(5%x—%
27 2k +2

Thus, the probability that at least one pair of consecutive
tokens mergesis morethan ¢ = 1 — p. Then, the expected
number of rounds before the system reaches a configuration
withm — 1tokensis E[m,m — 1] < (1/q), i.e.

2(2k + 2y
<
2(2k + 2ymxn — 1
The maximum expected number of rounds 7,2 before
stabilization of Algorithm 4.2 (where k = n — 1) from a

configuration with m privileges to a configuration with 1
privilegeis given by the formula

E[m,m — 1]

" 22n - 1in
)

m
T4,2§ZE[i,i—1]= m_
i=2

i=2

Since Tuo is O(m) rounds and m < n, Tao is On3)
computation steps. A processor executing Algorithm 4.3
executes arule of Algorithm 4.2 if and only if it holds afair
token. For thetime complexity analysis, the worst number of
fair tokensis1. Hence, the bound provided for Algorithm 4.2
holds for Algorithm 4.3 too. Therefore, its time complexity
isO(n3).

5.2.2. Propagation delay

Once stabilized, in the worst case, the upper bound between
two appearances of a privilege at the same processor p
in Algorithms 4.1, 42 and 43 is2 x n, (2k + 2) x n
and n3 respectively. The average delays are (3 x n)/2,
((2k + 3) x n)/2 and (n?(n + 1)) /2 respectively.

6. CONCLUSION

We presented a solution to the open problem of having
a strong probabilistic self-stabilizing mutual exclusion
algorithm under an unfair distributed scheduler. Once the
system is stabilized, a processor only waits for a bounded
(polynomial) amount of time. Bounding the coin tossing
as presented in this paper can be applied to severa other
probabilistic algorithms (e.g. [16, 18]) to provide abound of
the service time. The service time provided by our solutions
is (2k + 2) x n (Algorithm 4.2) and n® (Algorithm 4.3)
respectively. Theaverageservicetimesare ((2k + 3) x n)/2
and (n2(n + 1))/2 for the two algorithms.
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